Bose-Einstein condensation (BEC) of a noninteracting Bose gas of N particles in a two-dimensional box with Dirichlet boundary conditions is studied. Confirming previous work, we find that BEC occurs at finite N at low temperatures T without the occurrence of a phase transition. The conventionally-defined transition temperature TE for an infinite 3D system is shown to correspond in a 2D system with finite N to a crossover temperature between a slow and rapid increase in the fractional boson occupation N0/N of the ground state with decreasing T . We further show that TE ∼ 1/ log N at fixed area per boson, so in the thermodynamic limit there is no significant BEC in 2D at finite T . Thus, paradoxically, BEC only occurs in 2D at finite N with no phase transition associated with it. Calculations of thermodynamic properties versus T and area A are presented, including Helmholtz free energy, entropy S, pressure p, ratio of p to the energy density U/A, heat capacity at constant volume (area) CV and at constant pressure Cp, isothermal compressibility κT and thermal expansion coefficient αp, obtained using both the grand canonical ensemble (GCE) and canonical ensemble (CE) formalisms. The GCE formalism gives acceptable predictions for S, p, p/(U/A), κT and αp at large N , T and A, but fails for smaller values of these three parameters for which BEC becomes significant, whereas the CE formalism gives accurate results for all thermodynamic properties of finite systems even at low T and/or A where BEC occurs.
I. INTRODUCTION
Some of the thermodynamic properties of a noninteracting three-dimensional (3D) Bose gas without internal degrees of freedom and confined in a cubic box are well known, where macroscopic Bose-Einstein condensation (BEC) occurs in the thermodynamic limit below a phase transition temperature T E . [1] [2] [3] [4] [5] [6] [7] [8] The experimental work on BEC greatly increased after the initial discoveries in 1995 of BEC in ultracold atomic gases confined to harmonic potential traps. [9] [10] [11] These discoveries led to much additional theoretical work on BEC in ultracold gases in harmonic traps that are in general anisotropic along the three Cartesian axes, especially including the effects of boson interactions. 8, [12] [13] [14] [15] Theoretical studies of BEC have been carried out for 1D and 2D Bose gases, 15 which are relevant to the above experiments on ultracold trapped atomic gases. Here we take the order parameter of a BEC phase transition to be the fraction N 0 /N of the boson occupation of the ground state N 0 . A BEC phase transition occurs if the dependences of N 0 /N and associated thermodynamic properties of the Bose gas on temperature T are nonanalytic at a temperature defined as the BEC transition temperature T E . In 1967, Hohenberg showed that BEC cannot occur in 1D or 2D at finite temperature T in the thermodynamic limit for a homogeneous Bose gas. 16 However, this result does not rule out BEC in the thermodynamic limit in inhomogenous Bose gases. Indeed, Bagnato and Kleppner showed in 1991 that a BEC phase transition occurs in 1D and 2D noninteracting Bose gases in powerlaw-potential traps. 17 Furthermore, BEC can occur in a finite 2D system containing a finite number N of bosons at finite T . In such a system, BEC entails a smooth increase in the boson occupation of the ground state (and also excited states) with decreasing T with no BEC phase transition occurring. In particular, Ketterle and van Druten studied 3D and 1D boson systems in a harmonic potential for finite N . 18 In addition to confirming that a BEC phase transition occurs in the thermodynamic limit in 1D, they found that a smooth increase of BEC occurs in 1D systems with decreasing T and finite N , i.e., without a BEC phase transition occurring.
Less well studied is BEC of noninteracting bosons confined to a 2D box with Dirichlet boundary conditions where the wave function of each boson is zero at the edges of the box. Ziff et al. presented results for the pressure versus volume p(V ) and heat capacity at constant volume C V (T ) in the thermodynamic limit for dimensions 1 to 5. 5 
Ingold and Lambrecht
19 found that a BEC phase transition does not occur in 1D or 2D for a finite number N of bosons with N = 10 2 − 10 7 , even though BEC itself does occur at low T . Deng and Hui calculated C V (T ) for finite 2D systems with 1 ≤ N ≤ 10 3 and also found a smooth increase of BEC with decreasing T , with no evidence for a temperature-induced phase transition. 20 With Dirichlet boundary conditions, one expects a nonzero pressure at T = 0 in a finite 2D Bose gas, 21 whereas a zero pressure is obtained by setting the ground state energy to zero or by using the grand canonical ensemble (GCE) formalism instead of the canonical ensemble (CE) formalism. Such studies of bosons in a 2D box are not just of pedagogical interest, since over the past few years cold-atom traps have been constructed with 2D box-like potentials.
22-24
Most theoretical studies of BEC in 2D have been on systems confined to harmonic traps. In these systems pressure and volume are not relevant thermodynamic variables, and hence the associated thermodynamic properties isothermal compressibility κ T , coefficient of thermal expansion α p and heat capacity at constant pressure C p are also not relevant. On the other hand, for bosons in a 2D box these thermodynamic variables and properties are appropriate. Here we report a comprehensive study of the thermodynamics of the noninteracting Bose gas in a 2D box with finite N and Dirichlet boundary conditions using both the GCE and CE formalisms. We present studies of the various thermodynamic properties versus T , A and N , as well as of the populations of the ground and low-lying excited states. For finite N and A, all properties versus T and A must be analytic and finite as discussed above. Of special interest is how these properties behave for T → 0 and T → ∞, where in the former limit the properties should be physically acceptable and in latter limit should correspond to those of the (classical) ideal gas. As is well known, the GCE formalism gives unphysically large fluctuations in N at T < ∼ T E .
25-30
Hence in addition to extensive calculations of the thermodynamics using the GCE formalism, we also present calculations performed using exact iterative expressions within the CE formalism. The latter calculations are reported for properties for which the GCE gives incorrect results for the parameter regimes in which significant BEC occurs, and we compare the results of the two approaches. The CE formalism gives numerically exact and some analytically exact results for all properties. The calculation methods are discussed in Sec. II. In Sec. III we calculate a quantity T E which is later shown to be the N -dependent crossover temperature between weak and strong increases in the boson populations of the ground and low-lying excited states with decreasing T and/or A. We find that T E → 0 in the thermodynamic limit N → ∞ at fixed A/N . Hence in this limit significant BEC condensation does not occur in the ground state or excited states at any finite T or A. Our results obtained using the GCE formalism are presented in Sec. IV. The calculations of the fugacity and fractions of condensed bosons in the ground state and in a state in each of the first four energy levels are presented in Sec. IV A, of C V in Sec. IV B, of the Helmholtz free energy F and entropy S in Sec. IV C, of the pressure p in Sec. IV D, and of the isothermal compressibility κ T , thermal expansion coefficient α p and heat capacity at constant pressure C p in Sec. IV E.
Our calculations of properties for N = 1, 10, 100 and 1000 within the CE formalism are described in Sec. V, which begin with calculations of the quantum state boson population statistics in Sec. V A. Calculations of F and S are presented in Sec. V B, where we show that the finite values of S at T → 0 present in the GCE calculations for finite N are incorrect because exact CE calculations show that the entropy at T → 0 is identically zero for all finite N . The pressure is calculated for various N in Sec. V C, where we find nonzero values at T = 0 as expected, in contrast to the null values obtained using the GCE formalism, and quantify p(T = 0) versus N and A. The ratio of p to the energy density is found to be p/(U/A) = 1 exactly, in contrast to the strong deviatiations that occur with the GCE formalism in the small T and/or A ranges in which BEC occurs. The calculations of κ T , α p and C p are presented in Sec. V D, where we show that these properties are finite and positive at low T and/or A, in contrast to the divergent and/or negative values obtained from calculations of these properties using the GCE formalism. A brief summary of our results is given in Sec. VI.
II. METHODS

A. Single-Boson Wave Functions and Energies
The wavefunction ψ of a particle of mass m in a 2D square of side-length L and area A = L 2 with zero potential energy inside and infinite potential energy outside the square in the xy plane is given by the Schrödinger equation as
where the edges of the square are at x = 0, L and y = 0, L, and C is the normalization constant. Continuity of the wave function requires the wave function to be zero on all edges of the square (Dirichlet boundary conditions on the wave function), yielding the quantized wave vectors
where n x , n y = 1, 2, . . .. Thus the spatial distribution of the number density ∼ ψ 2 of the bosons inside the square is inhomogeneous. Periodic boundary conditions give incorrect energies for the low-energy quantum states which can modify their statistical and thermodynamic properties at low T and/or A for finite N .
The kinetic energy E of a boson in the 2D box is quantized according to
We put N noninteracting bosons into the square box and write A = N/(N/A). Thus we use the parameters N and A/N (the area per boson) as independent variables instead of N and A. Then Eq. (2) becomes
The thermodynamic limit corresponds to N → ∞ at fixed A/N . We do not shift the energy scale so that the ground-state energy becomes zero, as usually done in calculations of the properties of the Bose gas, except when calculating the fugacity z using the GCE formalism where the energy shift does not affect the calculated values of z (see Sec. II B 3) or in some cases where we use the continuum representation for the high-energy quantum states. We introduce the dimensionless reduced parameter γ defined by
where (A/N ) E is the value of A/N of the Bose gas at the Bose-Einstein crossover temperature T E to be defined in Sec. III. Thus γ is the area per boson in units of the area per boson at T = T E , or equivalently the area normalized by the area A E at T = T E . The reduced energyĒ is defined using Eqs. (3) and (4) bȳ
where k B is Boltzmann's constant and the parameter a is defined as
In Sec. III we show that a = a(N ) and at large N one obtains a ∼ ln N . The reduced temperature t is defined as
so from Eq. (5a) one obtains
Thus E/(k B T ) is a function of the product γt, so we define the additional reduced parameter x as
and Eq. (7) becomes
Using Eqs. (2) and (9), we also write
where
Thus if we need to hold both T and A constant in a calculation such as in Sec. V B to obtain Eq. (70), one must hold g constant.
B. Grand Canonical Ensemble
Distribution Function
The Bose-Einstein distribution function for the average number of bosons with fugacity z in a quantum state with energy E at absolute temperature T is
which in reduced parameters is
The fugacity is related to the chemical potential µ by
where the reduced chemical potentialμ is defined as
Thus Eq. (11b) can be written
An important consequence of Eq. (14) is that f BE is invariant under a uniform shift of all energies, including both E and µ, by the same amount. Hence for all calculations involving the factor z −1 eĒ /t = e (Ē−μ)/t , for convenience we set the ground state energy E 0 with n x = n y = 1 to be zero, and then z is calculated with reference to this energy. Then Eq. (9) becomes
and the Bose-Einstein distribution function (11a) becomes
Density of Orbital States
In a continuum enumeration of the orbital quantum states, the number of these states N states in a quadrant of a circle in n space is N states = π 4 n 2 . However, this includes states with (n x = 0, n y = 0), (n y = 0, n x = 0) and n x = n y = 0 for which the wave function in Eqs. (1) is zero. The number of such states is (2n + 1 2 )/2, where the states with n x = 0, n y > 0 and n y = 0, n x > 0 are shared by two quadrants and the state with n x = 0, n y = 0 is shared by four quadrants. Correcting for these terms gives
The density of orbital states in n space in the continuum representation is then
Fugacity
The fugacity z is determined from the requirement that the average number of bosons N in the system is equal to the sum of the average number of bosons in each quantum state, i.e.,
Using the energy expression in Eq. (15) , this becomes
By specifying given values of N and of a(N ) derived later in Sec. III, one can solve this equation for z(x, N ). Since x = γt, one also has z = z(γt, N ). On the other hand, when the fugacity appears by itself in an expression such as in Eq. (44) below where the fugacity is not multiplying the exponential of energy divided by k B T , one must use the fugacity z unshifted calculated from the unshifted energy levels by solving
Comparison of Eqs. (20) and (21) gives
so it is not necessary to do a separate calculation of z unshifted (x, N ) if z(x, N ) is already known. The boson occupation number N 0 of the nondegenerate ground state with n x = n y = 1 is given by Eq. (16) as
The requirement that 0 < N 0 ≤ N gives the allowed range
for x = ∞ and x = 0, respectively. The fractional occupation of the ground state by the N bosons in the system is then
In the continuum representation of the energy level distribution, we use the density of states in Eq. (18) and Eq. (15) becomes
In 2D with finite N , Eq. (20) does not have an analytic solution for z and therefore must be solved numerically. Furthermore, one cannot break up sums such as in Eq. (20) into the contribution of only the ground state plus an integral over the remainder such as is done for 3D Bose gases in the thermodynamic limit because as we will see for the 2D Bose gas with finite N , in general significant BEC occurs in excited states in addition to the ground state. Therefore, one must include a significant number of states above the ground state in the sum and then carry out an integral over the remainder, and Eq. (20) for solving for z becomes
After z(x, N ) is determined, the fractional populations N 1 /N, . . . , N 4 /N of a quantum state in each of the first four excited energy levels, respectively, versus x and N are obtained using
where f BE (n x , n y , x, N ) is given in Eq. (16) and n 2 xi + n 2 yi = 5, 8, 10 and 13 for the first four excited energy levels, respectively. To calculate these populations versus reduced temperature t at fixed reduced area per boson γ or vice versa one uses the definition of x in Eq. (8) to replace x in the results by γt.
The grand partition function Z is given by
which for our system reads
where as discussed above we set the ground state energy to zero in multiplicative factors z −1 e Ei/kBT (or ze −Ei/kBT ) that appear in a calculation. The sum is evaluated by first calculating z(x, N ) as described above and then replacing the sum to ∞ by a sum from 1 to n max plus a numerical integral from n max to ∞ similar to the procedure used to arrive at Eq. (26).
C. Canonical Ensemble
The partition function Q(N ) within the canonical ensemble formalism for a system containing N noninteracting bosons is given by the recursion relation 29, 31 
where Q 1 (k) is the single-boson partition function for a modified temperature T /k given by
and the sum is over all quantum states i. Using Eq. (9) for E i /k B T gives
This double sum can be expressed analytically as
where θ a (u, q) is a theta function that Mathematica denotes as EllipticTheta.
Another useful recursion relation within the canonical ensemble is for the average numbern i (N ) of bosons occupying a quantum state with energy E i , given by 29, 32 
For the 2D Bose gas under consideration one obtains
(31b) The computations in this paper were carried out using laptop or desktop computers and Mathematica software.
III. CROSSOVER TEMPERATURE FOR BOSE-EINSTEIN CONDENSATION IN A 2D BOX
The usual prescription for calculating statistical and thermodynamic properties of a three-dimensional (3D) Bose gas is to utilize integral representations of all sums over quantum states except possibly for the ground state. Thus the number of bosons in excited energy states above the nondegenerate ground state in n space is To obtain T E , one sets T = T E , z = 1 and N exc = N .
6,18
In 2D for n → 0, the integrand becomes
n , so evaluation of the integral at the lower limit n → 0 gives πN 2a ln n| n→0 = −∞. Thus the integral diverges logarithmically for n → 0. However, this very slow divergence suggests that one should use a discrete sum over n x and n y for the lowest energy levels instead of an integral over all n to determine T E .
We confirmed that a finite T E can be obtained in 2D for finite N if the integral over energies of the Bose-Einstein distribution function is replaced by a sum over the lowest energy levels with small n x , n y and the integral formulation is used to sum over larger n as in Eq. (26) . As discussed in the Introduction and will be demonstrated in Sec. IV A, this T E is a crossover temperature between weak and strong increases in N 0 /N with decreasing T in a 2D boson gas with finite N , and is not a BEC transition temperature.
We set z = 1 as in the 3D case and x = 1 in Eq. (16) to obtain the Bose-Einstein distribution function for the
for the sum and
for the integral. Then we numerically solved Eq. (26) for the parameter a as a function of N . The a values reached constant values with increasing n max by n max ∼ 500. A plot of a versus log 10 N for n max = 500 and log 10 N = 0, 1, . . . , 17 is shown in Fig. 1 and the values are given in Table I . One sees that a approaches linearity in log 10 N at large N . Therefore we fitted the eighteen {log 10 N, a(N )} data points by an emprical three-parameter Padé approximant
and obtained the fitting parameters
In the limit of large N the fit gives gives a fit = −3.2832 + 1.7649 log 10 N . The fit is shown in Fig. 1 and the fit values and deviations of the fit from the data are shown in Table I . The magnitude of the deviation is seen to be < ∼ 0.2% for 10 4 ≤ N ≤ 10 17 with the deviation increasing to 30% for N = 1.
Equation (5b) gives T E for finite N to be
where the parameter a(N ) diverges for N → ∞ as shown above. Therefore from Eq. (36) and Fig. 1 , T E decreases monotonically with increasing N , and T E (N → ∞) = 0 at fixed (A/N ) E , i.e., in the thermodynamic limit. 
IV. RESULTS: GRAND CANONICAL ENSEMBLE A. Fugacity and Fraction of Condensed Bosons
The fugacities z calculated versus the parameter x = γt for finite systems with specific values of N obtained by solving Eq. (26) for z using n max = 200-1000 and the respective a(N ) values in Table I are presented as log 10 (1 − z) versus x in Fig. 2(a) , with expanded plots for x ≤ 2 in Fig. 2(b) . One sees for these finite systems that log 10 (1 − z) shows noticeable increases with increasing x near x = 1 which become more pronounced as N increases. Since x = γt, if A = A E (γ = 1), which is the value of A at T E , then the x = 1 crossover occurs at The fraction N 0 /N of condensed bosons in the ground state versus x is now obtained from Eq. (23c) as shown in Fig. 3(a) for N = 10 3 , 10 6 and 10 15 . With decreasing x, the data approach a linear behavior in x for x < ∼ 1 as N increases, described by N0 N = 1 − x. Expanded plots of data near x = 1 for N = 10 3 to 10 15 are shown in Fig. 3(b) . The fraction of bosons in excited states for x < ∼ 1 is given by
The approximately linear decrease of N 0 /N versus x for x < ∼ 1 at large N is different from the behavior of the 3D Bose gas in the thermodynamic limit which shows
3/2 . The data in Fig. 3 show that for these finite systems, BEC of bosons into the ground state occurs and increases smoothly and continuously with decreasing x. Hence there is no phase transition associated with BEC into the ground state (and low excited states, see below). Furthermore, according to Eq. (36) and the a(N ) behavior in Fig. 1 , T E → 0 for N → ∞ and hence BEC does not occur in the thermodynamic limit. On the other hand, real systems do not contain an infinite number of bosons, and hence potentially observable BEC is expected to occur for finite N , but with no BEC phase transition associated with it.
The 3D Bose gas in the thermodynamic limit at T = 0 has all N bosons in the ground state and none in the excited states. With increasing T , a macroscopic occupation of the ground state still occurs until the temperature (almost) reaches the BEC transition temperature, i.e., N 0 = O(N ), but the occupation of any excited state i is N i = O(1). For T > T E , the occupations of all lowlying states states are about the same and of O(1). In reduced dimensions with a finite number of bosons and no BEC phase transition, one expects this behavior to change. The ratio N i /N of the number of bosons in an excited state with energy E i is given by Eq. (27) as
where a(N ) is given in Table I . For i = 0 with n x = n y = 1 one obtains Eq. (23c). Then from Eqs. (23c) and (37) one obtains the additional ratios boson is fixed at γ = 1, the parameter x is simply x = t = T /T E . In that case, one sees that for finite N , the four excited states show N i = O(N ) even when t ≪ 1. Furthermore, with increasing N the occupation of the excited states occurs more rapidly with increasing t near t = 1 and the N i /N 0 values of the excited states at low temperatures decrease substantially. For the 3D Bose gas in the thermodynamic limit with t < 1 one has N i = O(1) and hence N i /N 0 = O(1/N ), which qualitatively differs from the 2D case especially for the smaller values of N , whereas for t > 1 one has N i /N 0 ≈ 1 as in the 2D case at sufficiently high t.
B. Internal Energy and Heat Capacity at Constant Volume
The reduced internal energy is defined as 
Using Eqs. (9) and (16) this becomes
(41) Similar to Eq. (26), we reformulate the sum as
where n max was in the range 200 to 1000. For the large-x region x ≥ 2, we replaced n 2 − 2 in the expression for the energy in the integral by n 2 and the density of states D(n) in n space given in Eq. (18) is replaced by D(n) = πn 2 so that the integral could be evaluated analytically in terms of polylogarithm functions. We utilized the same strategy for calculations of Z and other thermodynamic properties for x ≥ 2 when integrals such as in Eq. (42) were to be evaluated.
The heat capacity at constant volume (area) per boson is given in reduced units by
whereŪ N t (x, N ) is obtained from Eq. (42) and the partial derivative is obtained as the x derivative of a spline function of a list of closely-spaced xŪ N t (x, N ) versus x data. Shown in Fig. 5(a) are plots of C V /N k B versus x = γt for N = 10 3 to 10 15 and 0.001 ≤ x ≤ 20. For each N , the large-x (high temperature and/or large area) data approach unity as predicted by the classical equipartition theorem for the two translational degrees of freedom of a boson in 2D. Successively expanded plots of the low-x data for x ≤ 1.4 and x ≤ 0.1 are shown in Figs. 5(b) and 5(c), respectively. No sharp features are visible at x = 1, which corresponds to t = T /T E = 1 and γ = A/A E = 1, as expected for BEC in these finite systems where T E is a crossover temperature rather than a phase transition temperature. From Fig. 5(c) one sees that C V ∼ x at small x for N ≥ 10 6 , whereas the data for N = 10 3 show positive curvature. At sufficiently smaller x one expects an exponential dependence of C V on x due to the energy gap between the ground and first excited energy levels. 
C. Helmholtz Free Energy and Entropy
For each value of N shown in Fig. 5 , C V is approximately proportional to x for x < ∼ 1. It is of interest to know whether or not the entropy S(T = 0) = 0. To determine that one must first calculate the Helmholtz free energy F , given by 4, 33 
whereF = F/k B T E is the reduced free energy and the fugacity z unshifted is for the actual unshifted energy levels as given in Eq. (22) . Then using the definition F = U − T S, one obtains
whereŪ N t (x, N ) was calculated above from Eq. (42) as a prerequisite for obtaining C V . 3 , a surprising difference from the data for the larger N values. Therefore, the same result would presumably occur within the GCE formalism for N = 10 6 − 10 15 at sufficiently small x with sufficiently high numerical resolution. One anticipates that there is only one way to put all N bosons into the nondegenerate ground state with n x = n y = 1. Hence the entropy at T = 0 must be zero. The nonzero entropy calculated for N = 10
3 at x → 0 therefore demonstrates that the GCE formalism can give incorrect predictions for thermodynamic properties for finite N in the quantum regime with small x, as found previously for the fluctuations in N at low T . [25] [26] [27] [28] [29] [30] Indeed, in Sec. V we show analytically using the CE formalism that the entropy for x → 0 is identically zero for any finite N .
In order to determine the source of the nonzero entropy at x = 0 within the GCE formalism, we examine the contributions from each term in Eq. (45) for the entropy at x = 0. From Eqs. (22) and (23b), one has
For x → 0 only the ground state with n x = n y = 1 is populated, and Eq. (29) then gives
From Eqs. (23b) and (41) one obtains
This term turns out to cancel the identical term in Eq. (46). Using these results and Eq. (44), Eq. (45) gives
where the first term originated from ln z unshifted and the second came from ln Z(x → 0), i.e., both terms originated from F . Shown in Table II 6 is just below our resolution limit in Fig. 6(b) . The results demonstrate that within the GCE formalism, S(x → 0) is nonzero for all finite N . However, this result is not correct. We prove analytically using the CE formalism in Sec. V B that S(x → 0) is identically zero for any finite value of N .
D. Pressure
Within the GCE, the pressure p is given by
We define the reduced pressurep as
Another reduced pressure is
This quantity for a gas is sometimes called the "compression factor" in the literature (see, e.g., Ref. 34). Shown in Fig. 7 (a) are plots ofp versus x ≡ γt for several values of N . One sees that with increasing x, which corresponds to increasing area and/or temperature of the gas at fixed N ,p approaches unity, as required since in these limits one must obtain the ideal gas law for whichp = 1. An expanded plot of the data for x ≤ 1 is shown in Fig. 7(b) , where one sees thatp(x → 0) = const for N = 10 3 . We can obtain an exact value forp(x → 0) as follows. For T → 0, the ground state is populated by all N bosons. Equation Table II. For N = 1000, one obtainsp(N, x → 0) = 6.9088 × 10 −3 , in agreement with Fig. 7(b) . For the larger N values,p(N, x → 0) is too small to resolve on the scale of the figure. The derivative dp/dx is plotted versus x in Fig. 7(c) . For N = 10 6 to 10 15 , the data show regions of x over which dp/dx = const and hencep is linear in x as also seen over the respective x ranges with less precision in Fig. 7(b) .
The reduced pressurep is calculated from the above values ofp(x) at fixed N obtained from Eq. (50c) according top
From dimensional considerations, one expects p ∝ U/A. As discussed later in Sec. V C, the exact analytic result for the noninteracting 2D Bose gas obtained from the CE formalism is p = U/A, or p/(U/A) = 1, for all N and x. Within the GCE formalism, this ratio is equal top/(U/N t), wherep is given by Eq. (50c) and U/N t by Eq. (40). The ratio p/(U/A) is plotted versus x in Fig. 8 for N = 10 3 , 10 6 and 10 9 . One sees that the GCE formalism gives incorrect p/(U/A) ratios for N = 10 3 and 10 6 , with the deviation from unity increasing with decreasing N and x. Similar deviations must also occur for larger but finite N at lower x values than plotted. These deviations from unity again illustrate the failure of the GCE formalism to accurately predict thermodynamic properties for finite N at small x where significant BEC occurs.
Of particular interest for the thermodynamics arep versus γ isotherms,p versus t isochores and γ versus t isobars. These relationships are generated parametrically fromp(x) using Eq. (52) and the definition x = γt. For ā p versus t isochore, one chooses a particular fixed value of the reduced area γ and t is then obtained from x according to t(x) = x/γ. Similarly, for an isotherm, one chooses a particular value of t and γ is obtained as γ(x) = x/t. In order to obtain a γ versus t isobar, one chooses a particular value ofp. Then using γ = x/t, Eq. (52) gives
Once t is determined for a given value of x, one uses γ(x) = x/t(x) to obtain γ for that value of t. Isochores ofp versus t with γ = 0.5, 1 and 1.5 are plotted in Figs. 9(a), 9 (b) and 9(c) for N = 10 3 , 10 9 and 10 15 , respectively. One sees that below an N -dependent temperature, the isochores for these three reduced areas for a given N are nearly the same. This means that in the respective t range, the pressure is nearly independent of area as will be seen explicitly in pressure versus area isotherms. At higher temperatures, the pressure decreases with increasing reduced area.
Isotherms ofp versus γ at fixed t = 0.5, 1 and 1.5 are shown in Fig. 10 for N = 10 3 , N = 10 6 and N = 10 9 . The plots for N = 10 3 and N = 10 6 show unphysical regions at low temperatures with positive slope, corresponding to a negative isothermal compressibility κ T according to its definition for a 2D system given by
Furthermore, the regions of γ for which dp(γ)/dγ = 0 for all three values of N correspond to regions of infinite compressibility, which is unphysical for a finite noninteracting Bose gas. Reduced area γ versus reduced temperature t isobars withp = 0.1, 0.5 and 1 are shown in Figs. 11(a) and 11(b) for N = 10 3 and 10 6 , respectively. The thermal expansion coefficient α p is defined as
In dimensionless reduced form this becomes
The isobars for N = 10 3 in Fig. 11 (a) exhibit unphysical regions of negative thermal expansion forp < 1 and small γ that are not apparent in the isobars for N = 10 6 and larger N .
The above unphysical predictions of the GCE formalism for the thermodynamic properties at low values of N , t and/or γ at which significant BEC occurs are rectified in Sec. V below when we consider the predictions of the CE formalism for the same properties. 
E. Isothermal Compressibility, Thermal Expansion Coefficient and Heat Capacity at Constant Pressure
In dimensionless reduced units Eq. (54) becomes
where the reduced isothermal compressibilityκ T is
One also has
The ideal gas exhibits
to whichκ Tp for the Bose gas must asymptote for x → ∞.
We now derive an expression forᾱ p (t) in terms of quantities already calculated. Writingp =p(t, γ, N ), at constant pressure one has the differential dp = 0 = ∂p(t, γ, N )
yielding
Then using Eqs. (50c), (55b) and (60) one obtains
whereκ T /γ 2 is given in Eq. (56a). Also, one has
The ideal gas shows α p T = 1, to which x(ᾱ p /γ) for the Bose gas must approach for x → ∞. Finally, the difference C p −C V between the heat capacities at constant pressure and constant volume satisfies
In dimensionless reduced parameters one obtains
For the ideal gas this quantity equals unity, which the Bose gas must approach for x → ∞. Shown in Fig. 12 are plots ofκ T /γ 2 ,ᾱ p /γ and (C p − C V )/N k B versus x for (a) N = 10 3 and (b) N = 10 6 . All three quantities show unphysical divergences and then negative values as x decreases into the BEC regime (not shown). Also shown are the associated plots of κ T p and α p T from Eqs. (57) and (62), respectively. One sees that (C p − C V )/(N k B ), κ T p and α p T approach the same respective ideal gas value of unity at large x, as required.
V. RESULTS: CANONICAL ENSEMBLE
In previous sections we pointed out a number of unphysical or unexpected predictions of the GCE formalism when N and x are both small (in the BEC regime) in addition to the known unphysically large fluctuations in N at small x even in the thermodynamic limit. In this section we resolve these problems by calculating the thermodynamics using the CE formalism which can give exact results for a finite system with fixed N in thermal contact with a temperature reservoir. The partition function Q(N ) and average number of bosonsn i in a given quantum state with energy E i are calculated recursively as described in Sec. II C, and our calculations are carried out with a maximum boson number N = 1000. Some of the thermodynamic properties for N = 1000 will be compared with the above unphysical and/or incorrect results predicted by the GCE formalism. 
A. Population Statistics
The fractional occupancies N 0 /N of the ground state for N = 1, 10, 100 and 1000 obtained using Eq. (31b) are plotted versus x = γt in Fig. 13 (solid curves) . On comparing the data with those in Fig. 3 for larger N values, one sees that the crossover between weak and strong increases of N 0 /N versus x at x = 1 becomes much less well defined for small N . The data for N = 1000 from Fig. 3 obtained from the GCE formalism are shown as the dashed curve in Fig. 13 for comparison. One sees that the CE and GCE formalisms are in reasonably good agreement for this value of N .
The ratios N i /N 0 of the populations of a quantum state in each of the first four excited energy levels i = 1−4 to that in the ground state N 0 are plotted versus x in Fig. 14 . Compared with the larger-N data in Fig. 4 , the excited state populations for small N approach the ground state population at much larger x values than for larger N .
B. Helmholtz Free Energy, Entropy and Internal Energy
Within the CE formalism, we use the same definitions of t and x as given above in Eqs. (6) and (8) and of the ratio E/k B T in Eq. (9), respectively. To simplify notation we also define
where Q(x) is calculated as described previously in Sec. II C. The reduced Helmholtz free energy F is given
and the reduced entropy S by
The exact entropy at t → 0 with fixed γ is easily obtained for any finite N . For x → 0, only the ground state term with n x = n y = 1 in Eq. (30c) is significant. Furthermore, when calculating Q(N ) we must hold both T and A constant for each N . Then the factor Q 1 (k) is
where the expression for g is given in Eqs. (10) . Inserting this into Eq. (30a) and carrying out the sum over k yields
Then the reduced free energy is obtained from Eq. (66) asF
where we used the definition x = γt. From the relation S = −∂F (t, γ, N )/∂t one obtains the zero-temperature entropyS
which is valid for arbitrary finite N . This result makes physical sense, because there is only one way to put N indistinguishable bosons into an orbitally nondegenerate ground state. The reduced entropy within the CE formalism obtained from Eq. (67) is plotted versus x at small x ≤ 1 for N = 1, 10, 100 and 1000 in Fig. 15 . Also shown as the dashed curve are the data for N = 1000 obtained from the GCE formalism in Fig. 6(a) . One sees that the (incorrect) finite value of S for t → 0 and N = 1000 obtained with the GCE formalism is corrected using the CE formalism.
The reduced internal energy U is
or
where we used the relation x = γt. We find C V (t → 0) = 0 and do not present plots of C V (t) because they are similar to those in Fig. 5 obtained using the GCE formalism. 
C. Pressure
The reduced pressurep within the CE formalism is given byp
The compression factor is
Comparing Eqs. (74) and (72) demonstrates that
which says that the pressure is equal to the average energy density. This type of relationship is expected from dimensional considerations. For 3D Bose and Fermi gases in the thermodynamic limit, one obtains the similar expression p = (2/3)U/V , where V is the volume of the gas. 4 Plots ofp = pA N kBT versus x within the CE formalism are similar to those of the GCE formalism in Fig. 7 (a) and 7(b) and are therefore not presented here.
We solve Eq. (73) parametrically using x as an implicit parameter. We first calculate ln Q(x). Then at constant γ, one has t = x/γ for a pressure versus temperature isochore, whereas at constant t one has γ = x/t for a pressure versus area isotherm. Shown in Fig. 16 arep versus γ isotherms at t = 0.5, 1 and 1.5 for N = 1, 10, 100 and 1000 in panels (a), (b), (c) and (d), respectively. As N increases, a hump appears at the crossover area γ ∼ 1 for N = 100 that is clearly defined by N = 1000. An important feature of these plots is that the slope is always negative. This means that κ T is always finite and positive. This behavior is in contrast to the data for N = 1000 in Fig. 16(d) malism, where one sees maxima inp versus γ at γ ∼ 1, which causes κ T to exhibit an unphysical divergence on reducing γ towards γ ∼ 1 and then unphysical negative values at lower γ values. As noted in the introduction, a nonzero pressure must occur at t = 0 in a noninteracting Bose gas in a 2D box with Dirichlet boundary conditions because the ground state energy depends on the area. 21 At t = 0, all N bosons are in the ground state with n x = n y = 1. From Eq. (5a), the energy of the ground state (n x = n y = 1) containing N bosons at t = 0 is
Then the pressure p at t = 0 is
Using the definitions γ = (A/N )/(A/N ) E = A/A E and ofp in Eq. (73), one obtains the reduced pressurē
Values ofp(t = 0) for N = 10 0 to 10 17 obtained from Eq. (78) using the values of a(N ) in Table I are listed in Table III Table III . Also shown in Fig. 17(d) are the corresponding isochores in Fig. 9(a) obtained from the GCE formalism (dashed curves), for which the incorrect limitp(t → 0) = 0 is obtained for each of the three γ values.
D. Isothermal Compressibility, Thermal Expansion
Coefficient, Heat Capacity at Constant Pressure
where the large-x ideal gas limit κ T p =κ Tp (x → ∞) = 1 is expected.
The reduced thermal expansion coefficientᾱ p /γ is
where the large-x limit is expected to be the ideal gas value α p T =ᾱ p x(x → ∞) = 1. The normalized difference between the heat capacities at constant pressure C p and constant volume (constant area) C V is given by
All of these quantities are plotted versus x in Fig. 18 for N = 1, 10, 100 and 1000 in panels (a)-(d), respectively. One sees that with the CE formalism, one does not encounter the unphysical divergences and other inaccuracies discussed above that occur with the GCE formalism at small x and N values where BEC comes significant.
Using Eq. (68b) for ln Q(x → 0) together with the general definition forκ T /γ 2 in Eq. (79), one obtains the zero-temperature limit at fixed γ given bȳ 
A list of values ofκ T γ 2 (t → 0) versus N obtained using Eq. (82) is given in the fifth column of Table III , where to calculate these we used the a(N ) values in Table I . Similarly, we find that (ᾱ p /γ)(t = 0) = 0 and hence (C p − C V )(t = 0) = 0 using Eq. (81). These zero-temperature results are in agreement with the x = 0 limits of the respective plots in Fig. 18 .
VI. SUMMARY
We confirmed the literature result that BEC does not occur in the thermodynamic limit at finite temperature T in a noninteracting Bose gas confined to a 2D box. However, as also previously reported for finite N , BEC does occur in 2D, where the ground state boson occupation is N 0 /N → 1 at fixed area A for T → 0, but without any phase transition occurring. 19 The lack of a phase transition is confirmed from the analytic behavior of the calculated C V (T ) upon traversing the characteristic tem- perature T E . Thus the parameter T E that we define corresponds to a crossover temperature between weak and strong increases in N 0 /N and in the low-lying excited states with decreasing T at fixed A and not to a phase transition temperature. We find that T E decreases with increasing N according to T E ∼ 1/ log(N ) at fixed area per boson (A/N ) E yielding T E (N → ∞) = 0. Hence BEC is precluded at finite T in the thermodynamic limit in 2D whereas it does occur at low T with finite N in the absence of a BEC phase transition, a perhaps counterintuitive result.
The main contribution of this paper is a comprehensive and detailed study of the thermodynamic properties of noninteracting bosons in a 2D box with Dirichlet boundary conditions. Such a study has not been carried out before to our knowledge and is therefore a benchmark for future studies on similar systems. We used both the GCE and CE formalisms for the calculations. The GCE formalism generally gives accurate results for the thermodynamic properties at large N and large values of the product T A, but fails to give correct results for small N at small T A values where significant BEC occurs. Such failures of the GCE formalism in the latter ranges of parameters include incorrect predictions of nonzero entropy and zero pressure, strong deviations of the ratio of the pressure to the energy density p/(U/A) from the exact CE value of unity, and divergent and/or negative values of κ T , α p and C p . These incorrect behaviors predicted by the GCE formalism are revealed using the CE formalism which permits numerically and analytically exact results to be obtained, albeit at comparatively small N . Thus apart from the specific study reported here, we hope that the present results will be more generally useful because they illustrate several generic shortcomings of the GCE formalism in predicting the thermodynamic properties of finite quantum boson systems.
